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LIMITED ANGLE CT RECONSTRUCTION USING
A PRIORI INFORMATION*

Kenneth M, Hanson
Group M-4

Los Alamos Ndtional Laboratory
Los Alamos, New Mexico

Abstrdct—.

Projection data that are 1imited in number
and range of viewing angle cannot completely
specify an arbitrary smzrce function, In the
space of all permissible functions there exists
a null subspace about which Lhfi projection mea-
surements provide no information. Oet.vrmi!listic
reconstruction dlgLIrlthlllSu~udlly set tlw nul 1
space contributions to zero leading to severe
reCO~,StrUCti Oll drtifdCtS. A Fit And It~l’dtiVe
Reconstruction (FAIR) method is proposed th~t,
incorporates a-~r.iori knowledge ot the ~pprox-
imate functional form of the sourLe, In IAIR
the parameters of this functional model dre
deter-mined from the available projection data
by a weighted fitting procedure. The resulting
distribution is then iteratively revised to
bring the final estimate into agreement with
the measured projections using a Standdrd dl~o-
rithm such as ART,

Introduction..—— —-—

There dre mdny situations in which it would
be desirdble to obtain decent tOlnOgrdphl C recon-
structions of an object from projec “ion ddtd thdt
are 1imited in number dnd/or range L; viewing

angle 1, Unfortunately there dre severe Iimita-
tions illlPoSt!dUPOn deterministic rL!ConStrULti On
algorithnis by 1imited angle projection data thdt
tdllnOt be overcow! wi thout )Ileuse of d Jl,r:iori

knowledge ~bout tlw object to be reconstruct,!d ~
We will r!vi[!w these 1imitations thdt drisc froni
the nul I spdce correspon[iing to the avdi ldhle pro-
,](!ction data, A rlew ~pprodch thdt inc[lll]{jl’,ltos
the expcctcd shdpv of th[! reconst rut I{Id [Il]ject
wi II bv shown to circumvent the d iff lcu~tit!s(,rl-
uountered by deterministic n!,!thods,

Mg~s\!r,Fll~r\~spgcc - nul i sllacu

The CT problem may ho st,lted ,1$ tol lows:
given d finite sot of pr(jjcc!iotls of d tuIIction of
two dimensiorls f(x ,y) with c[mq],ict~lul~pott., t,htdill
the bo,,t hstimdtv of thdt fullt!,i,ln, III{,I]r[]j,,,-
1,Ion,} may qen(!rd1Iy 1)(:writ t(,,l,IS ,iw(,iqh[{!d /-[)
illt.rqrdl[If f(x,y)

A IIIIswork wd5 supl)ort(!(tby tl,(;U, !), lh!lldrtm[,rll
(If Inortly IIndpr Con f,rd[,t tit),W./4 O!)-lI/G-I(J

Pi - JJ hi(x,y)f(x, y)dxdy, (1)

where the hi are fhe weighting functions a,ld i=

1,2 , ...N for N individual measurements. we will
refer to the hi as response functions. In the CT

problem the hi typically halve ldrge values within

a narruw strip ~!ld small or zero values outside
the strip. If the hi are unity within a strip and

zero outside, eq. 1 becomes a strip intearal.
For zero strip width, it becomes a line inteqral,
These l~ttcr two cacss i+rc recognized as idealiza-
tions of the usudl physical situation. The gener-
ality of eq. 1 allows it to closely represent
actual physical measurement.s since it can take
into account response functions that vary with
position.

The unknown function f(x, y) is usually re-
stricted to a certain cldss, e,g. , the class of
all integrable functions with compact support.
Consider t!]e spdce of dll acceptable functions and
assume that all the hi belong to that space, Then

eq. 1 hds the form of drl inner pro+uct of hi with

f, That is, pi mdy be thought of as a projection

of the Inknown vector f onto the basis vector hi.

Only those components of f thdt lie in the sub-
space spanned by the set of ~11 hi contr-ibute to

the measurements, We will cdll this subspace the
measurement space. The components of f in the
remaining Orthogonal Subspdce, the nul 1 space. do
not contrilJte to the Iliedsuremerlts. Iicnce, the
null spdce contributiorl to f cdnnot be dctcrmirred
trom the measurements ,Ililnc Since the dctctwli-
nistic (measurenw:rrt) sulJsI)dcc ot f is spdnncd by
the response functions, It is ndturdl to expan.1
the f!stimdte of f in terms of them

N

‘(X$Y) “ iXl ‘i)li(x,Y)O (2)

This ii eq(iivdlent to s,!ttillgthe IIUII hp~~e Lun -
I){)ncnts of f t.{)z[!tfl,wtlicllyields thr Iminimum

1101’11150 I111I01), Thi~ l(L,Itl\to drt.itac!~ in 1 since
It dors not ~N)ss(!s5those L[mlu~lll,nts of f thdt 1i(’
in Iht,rllili sl}dce. IIlltll,,rlr,],lin{]{IIItll,,ftijII
\\)dce - lfl~,os~jt,[,lll(!rl[Sl)d(t,[(Illcoplnldy 1)(,ItJund in

Ildpers by Iwo!,,,y“~‘I”,
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The response function eXpaII>IUII,eq. Z, is
t’omlally identical to the tamiliar ba~kpruje~tion
process where the value ai is added to the image

along the strip function h .
i

Thus, the backpro -
jection process only affec s the measurement space
components of the reconstruction, Most of the
well-known CT reconstruction algorithms incorporate

backprojection including filtered backprojection5,

ART6, SIRT7, SIkT-like algorithms (least squaresa

and other variants 9, and the.“natural” pix:l

matrix formulation by Buonocore et al)O~ll. Such
algorithms can only alter tht measurement spice
part of the initial estimate, When the init”’al
estimate lies solely in the measurement spat.s,as
iS ,lormal]y the cse, so hill the final eStin13te,

The effect of the restriction of detenrrin-
istic solutlons to the measurement space may b?
demonstrated by means of an example, Consider
Fig, la to be an object to be reconstructed.
Suppose that eleven parallel projections are taten

of the object within a 90” Jngular range. Edch
projection, contains 128 s,wples and is subject to
a slight degradation in spatidl resolution, The
null space contribution to the origindl image ma)
be readily calculated by using Fig. ld as the ini-
tial estimate for an iterative reconstruction
algorithm and setting the input projection to
zero. In this exdrnple dn ART algorithrr]wdS uSed.
The algorithm alters the measurement space par, of
the tnitial image (by means of backprojectior, )
unti I the result has zero projection V31UCS in the
measured projection directions. The rusult, l’ig,
lb, is the null spdce part of the (,,igirldl imdgc,
Subtraction of Fig, lb frL,l Pig. Id yield5 the
measurement stidct>n~rt of tk.;C, ;gilldi IIudgc, Iig.
ic, lne null sp,lce ~oli,poncl)t, Fig. lb, is thu pdrt
of the object tt~at cannot be determirrcd from the
measurements dlone. ihc sections of the dnn~ilus
that are roughly tangential to the response func-
tions are nearly zero except for the dbrupt chdnges
at the edge due to finite Spdtidl rcsolutiun rhe
upper-left and lower-right portiorls of the ,InfI\Jlus
dre cietcnoincd the worst, TIN,lrit:,]s~lf’(yl)t)rlt.SII’ICU
pdrt nf the object, rig, lc, is the minimwn IIoru
solution ~ons istent with the llleds(jr’(!lll(:rltsdn(l 15
tbe best thdt cdn bc expected from dny Iinc!lt’,
deterministic algorithm.

Vdl ious dU~llK!lltdtlOns to detel’lllllliSti L d]\lO-
rithms such ds consistency, analytic conti!lu~~lont
and globol constraints (inclu(iing m,~ximum entropy)

have been considered by Ilansonl, rhe5t sww tO I)U
ineff~ctiv~ in overcoming the n,ea5urtwwr]t,\II,icc
restrictions presentud abov(?, Other dut,hor~ hdvu
nwntion(:d in pdj sing the concel)l,of cllr,IItCtISUrr-

!!l:,ntspace -nul 1 Spdcc! Lllchutollly1,’,11,1,,,1’.1),,~h(,v(!

not considered its effect on r“ecor]str,~ctions f’rom
limited projection [i,]t~, As ~rl aside, the r,]rlqcnf
the tr~nspose ot the projection mu.lsurcww\rltmdtrtx
A referred to In Ref. 15 !s the m~~osurwl~nt \II,I[.tI

in the squar~ pixel represelltdt. ion. ,0111511’}hs
shown that spurious ghosts cdr~ artse fr[m thu null
spate cnrre$pon Jirlg to a finite S[:t.of projection

ddta, Further references on the lim ~d ~ngle CT

problem may be found in Ref. 1,

The restriction of detemlinistic solution~ to
the measurement space should not be viewed as a
negative conclusion, Rdther it is simply a state-
ment of what is possible for a given set of mea-
surements in the absense of further information.
It allows one to formally state the goal in limited
angle JT reconstruction as th~t of estimating the
non space contribution through the use of further
information aboul the function to be reconstructed.

~AIR - use of a prj~~ knowledge

We have seen in the foregoing develo~ent that
detem,inistic so;utions arc deficient because of
their lack of a non space contribution. Thos, we
are led to supplement the available measurements
with additional information about the object to be
reconstructed in order to obtain swe reasonable
estimate of its null space component. A priq-j.
knowledge may take many forms. For exdmple, lt
may be known that the values of the function to be
reconstructed are restricted in any of several
ways such ds upper and/or lower limits or known
discrete values. A COIIII1OII1Yused reconstruction
constraint is that of positivity (strictly, rlon-
negativity) since the quantities often bei?g re-
constructed, linear attenuation coefficients or
isotope dens! ties, are known not to have negative
values. Posit ivity cdn exert a strong intluence
on the reconstruction result in cd$es where the
r{,construction should be zero in d largv portion
oi th$~ reconstruction region. In other situations
it may be useless. Another type of d priori klN)wl-
cdge it might be that. it is known thdt the ob,icct
to be reconstructed is tdLen t’rnm ~ wel I-(ielint?ti
ensemble of objects, III(’IItllu rucoujtructi~ju pro-
cedure could be bdsed uI~I>!Itllu err$.[wlhle p!ljll,lbility
[ilStrib UtiUnS dS in llldXillllllll,1\lOSt(lriori I)rl)!hlbl1-

ity reconstruction u>iruj d S1l/T-like dlgorithnj’

or ds in a Kdrhunerl-..o;ve expdnslun] ‘, This dp-
I]rodch mdy prove to Iwurk well only {n sit.udtions
whcr~ the cnseo)ble st,]tistic~ are suftic]~,rltly
restrictive,

We wish to introduce d new method ior using
,]prior{ knowleiigeabout the shape or form of the
i)bject ICIbe reconstructeci, [n ttli~tifoSt(,p dp-
proach, the fit and Iterdtivl) reconstruction (l”AIR)
technique, it is dss(luwd that d pdrametrlc Imiel
I-ouqhlydpprtfimating the object cdn he spec!f ied,
lhe fir$t.sLep is to fit the model pdrdnmtcr’$ In a
10d5t squ~rc (ot mininluilctllSqudrcd) 5er]5c to the
dvdi ldhlc project iurldatd, lhc scc[.nd stulj Is to
WU~)lOy ,In iter~tive t.c~c)rlstr~l{,tiorldig,)ritlvn, SIICI1
,],,ART, Ilsirlgthe fitted M(NILI1,)s the lnltldl (!sti-
lmit~~, This step is needed sirl~t,thu Iun(tiol)dl
mcdct use(i In the first step may be rwe>sdrily
(.r\lcit+dnci its pro.jeltluns mdy riot fully Jgrcv with
tll?Ille,is(lr’(?lllt?rlts.1s dis Lu55cd edrlie~’, thr 5ccond
st!lp only df’fecf.stle medsurwuent. spdce part of the
r(?~:onst.ruct.ion brin~ itw it Into dgrcemcnt wlt.h the
dvd iIdbl(! projection (Idt,d, rht~ first. stup may b,!
viewed as provir!ing d rodsundblu guess for the null
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space contribution consistent with the functional
model. This approach will be demonstrated below
by means of two examples.

An important advantage of wing the fitting
procedure in the FAIR techniclue is its flexibility.
Additional parameters may be employed to allow the
position, orientation and size of the object to be
adjusted, It is also possibl,? to incorporate con-
straints on the parameters to avoid unrealistic
objects. For example, in the annulus problems be-
low, it would be possible to allow each of the 2-D
gal~ssian basis functicns to be centered at an arbi-
trary radius Instead of at a fixed radius. This
would permit the size and contour of the recon-
structed annulus to be determined from the measure-
ment data, The reconstruction could still be re-
stricted to an annular shape by adding a penalty
function to chi squared based on the quadratic dif-
ference between the radii of adjacent gaussians,
This would tend to force the radii to be a smLoth
function of polar angle.

The iterative reconstruction algorithm used
here in the second step of FAIR is a version of ART
developed at Los Alamos. In this version, the
present estimate of the reconstruction is stored as
a square pixel representation. The usual technique
is used of backprojecting differences between pro-
jections of the present estimate and the input pro-
jections. The algorithm used here differs from

earlier version:, of ART9 in that the basic project-
ion and bdckprojection computations are carried
out in a way to more accurately represent the
corrc~l]onding analytic processes than the Simpler
nearest neighbor dssignmcnt of pixels to projection
ra,ys, “(he present ART routine typically converges
in three tc five iterations to a stable solution
that does not change appreciably in subsequent it-
erations (up to 20), When faced with noisy input
;)rojcctions, tlw Ieconstructior] tc,.ds to diverge
slowly after fivo itcrht~orls ,1s has been obscrv~d

before for ART)”,

TIIC first cxampl[? w1ll 1)(,bas~d ~11 th~? ohjf,ct
~h’~wllitl [’i!].la that resembles a I.hi[k-walled pipt,
with two inclusions, Whore the imoqc width {s 1,9,
the inner and outer radii of the annulu~ arc [).2
and 0,3, resportiv,,l,y, The two sluall circles h(lvf’,}
didmrter of O.O!j and arr ~t half the density O( ttw
(Innul us. It Will b($ assunl(?(lthat I1lPVCI1 pardll(’1,
noisolcss” I)rojr(:tions” ov(~t.o r{lnqc of 90” ,lr(~
dv(]ilat)l(~, [Ldc,h ~)rwj(~vtion cons i~ts of li’1{ Sclml)lt>s,
The lifl~[)llst,l,]itl(~[lART r~c[)nstrtl(:ciotlst,lrtinq with
tht’ dv(!rag~ Valu(’, Ii!]. ;!{l, {s Virt(lllly Idcnti(.{]l
with th{, nw,lsurmwflt spdcr coml)oncnt of th(~ O1)J(ICI-,
I’tq. Ic. The pnsitivi!.y constraint qredtly ruduc(ls
tho >trr{lkillg,Irtifacts, l“iq, 2b, but do(’s 1101.
(IIimin(ltv tho s[lu,lritIqoff of t.hv r(,at.,Itldfall.
sid~,s of !110 ,lDtluIus th,lt.,ltis(Is from the ldck of

Ilro.j(>ctions over ttw rrm(llrllno 90’ , Th(’ nl,lxlrl(ml

v!lt.ropy ,il(jot.it,llmM[ N“T’l lIro(lUC(:s a vrry siwil,lr
roc,IJlt, Ii!l. ;’(, Ml,tlT (IOUS not d(~\Ir,)d(Ith(~ spat,i,ll
I’c!+l)lut~oll ds MU( h d’i ART h(?c:,3US(!thu wl)t.(?$!’rlt,,l-
tl(]tlof thp f.fl.Nl t(~[;or);t,t(j(tlor]”Is [Iir{,(t,l,yI+rlatod

to the response function expansion instead of the
square pixel representation used in ART. Besides
distorting the shape of the annulus, all of these
reconstructions make it difficult to observe the
two small circles.

It will be assumed that it is known ~lriori
that the object to be reconstructed has an annular
shape of known radius and width. Let us choose
for a model of this object a linear combination of
18 two dimensional gaussian distrib~tions whose
centers are equally spaced on a circle of appro-
priate radius, The FWHM of the gaussialls is the
same as the width of the anoulus. The amplitudes
are to be determined by fitting the projections of
this functional model to the projection data. It
is realized at the outset that this model is a
crude representation of the actual object but it
will yield a distribution restricted to an annulus
and has the computational advantage that its pro-
jections are easily calculated, Fig. 3a snows the
result of fitting the amplitudes of the 18 gaust-
ians to best match the 11 projections, the first
step in FAIR. Ther,? is hardly a hint of the two
small circles since the ar,,,litudes have been se-
verely distorted to make up for the discrepancy
between the assumed and actual cross sections.
However, using Fig. 3a as the starting distribu-
tion, the ART algorithm produces the fi-al results,
Fig, ?b without positivity and }ig. 3C with vo$i-
tivity. These resLllts prr~ider,luch better visual-
ization of the small circles in the original ob-
ject tb~r the reconstructions in Fig. 2, The
major advant~ge of starting ARI’ with Fly, 2> is
that tig. 3a properly positions the ne~r and far
sections of the annulus and thu, the squating off
is a’.oided. lhe incorpurat.ion (of a reilsorldble
estimate of the null space contributing through
riq, 3a is seen tn gr[?iltlyimpro~fe the reconstruc-
tion result,,

It II,)sbeen pt”oposed’’”;’‘;:” t,tl~t one ~,IY to
overcome thu 1imltat.ions arisinq from l+mitrd pro-
,icckion i]n!]los is to cxijloit ,lJ)riori informat ion
concerning !.1111ie!~inn of sui)port o’f the unknown
fun(:tion. onv way to do this is to IISU dn adal]td-
tior of thr l’(li](l~llis-G[,r(:tllJ(,t,(Jt~)rtlnique i~;which
tlw kot]wn I)rolwrties of t.h(,func ti[m ,Ir[?al tvrf]a..
t ivcly {Inforce(l in thu spdt.i,il ~nd I’c]uritrdomdins,

I ,.’.th,,t this t~chrliqu(~ is n[JtIt I,as been shown” ,
sliff{ciunt to r{cvvrr (1II t,hc d(~qrees of freedom
in the original tun(tion. ‘Thu AI{T r[~~onstruct.ion
dignrithw In,lyIw ed:,ily al (,r,tv,d t,o i,,corp~)ratr d
known r[,giorl(If flll~l)nrtand upotl c(lllverg(,tlct,th[,
result $hnl,ld ho Id(,tlti[{llt{) that. ol)taln(?dby thu
ab[)v(l :[>(hniq(le, 7}1{,r(!sult of sp(,( if,yinq ,1cir -
culd’ r(!!lion of sulll)nrt .ju,,t outsi(ip t.ho annulus
ill I“iq, Id is SI)OWII in Ii\], 4,1, ltli!,(.(>)t,lillly
illll)rov(!stlw r(~ronstrd[t ion ((,r),y}(lr(~(]wifl, 110, 2[))
I)llt(l(l(>SIlot l’l}l)rodllcotill?oriqit),ll il,lill)(!,

W(I !I,lVV io(~n illthr IAIR rrsult,q th,lt.thv inf-
Ii,ll{hoi(r~ for AP,T can nMl? ,1I,{q [lifff~r{~n{{,fn
t.hl>fin,ll Yl,sult, I ig, 41) ~hows ;,ho ART ,.(,(otI-
Stru[t ion Ltl,lt l’(,$1111,swtll~fl:1 flat, {Il]rlulusof prop-
(~r (llm(~nsiotlf {s used for thr st.,lrt,in!] distril)u -
t i()!1 ltli< W()(il(l[)(S!I!’I+CISOII,lI)I(?(]\l(!\Sif (t.Wol’l,
kr,own t,llatth(, (111,1(,(t h(,ilq (~xamin(,(l W,IS ,] I) II)V
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but ttl( ~sence of the small holes was unknown.
Figure 4t $ a very good reconstruction because tile
null space ,lrt of Fi!]. la is well specified by the
flat annul us. liowever, if a flat annulus of the
wrong size is hosen for the starting distribution,
the result (Fit 4c) ii much worse than the stan-
dard ART result, t_ig 2a. It is important that the
starting distribution b? representative of the un-
known object. The advantage of the FAIR approach
ie evident since the parameters for the f!at annu -
lus rmdel could oa$ily and accurately be obtained
from the projection data to yteld rig. 4b.

It is important to realize that all of the ART
reconstructions shown in Ehis section have the same
projections at the mcasurod projection angies, i.e.
their mr?asurenrentspace contributions are identi-
cal. They differ only in their null space contri-
butions. these beinq cieterrlinedby the combined
effect of constraints and starting distributions.
This ubscrvation indicatrs the enormity or the am-
biquity present in the mrasjrements that can only
be reduced by use of a prio!”i,infornmt ion.

Expmple 2

The second rxMIplP will be ba.se(!on an annulus
with gauss ian truss s~ctiolltnr.1variable dmplitude,
[iq. 5a. Ibis obJrct is <illlilflt to th~ blurred
crn$$ $oct inn of thr! ihal Iium ?Ol distribution
t,ak[,l){1P in Iwort Inuf;r’lo. Tlw strniqht,fnrward ART
rf,constructions frnm II vipwirlq? sllht,(,ndlnq 90”,
I1(1,!)hand c , shr,w thl, sdmo IyprIs of artifacts as
in t.h(~IIrPCCrdlnq PX,IIIIPIO, lhr hole in tho ~i)por-
rIqhf, (Iualfranthas virtual iv rii.,(lppoar(,(lwhile that
in’tlIo Iowor riqht hor horr qr,~atly Pxdgqrrate(!,
[l~r ,)f the It{-glufil(ltlaIIn UIII\ IIIIK!PI drsrribed
dbnve in th~ fftt.!nq ~t,opof I“hlltyicld~, Iig, ,;,
a [Ier[,nt ropl(,$~r]t<ltinu nf ~lIfI o,-iqinfll ,Il),jpct ll!)-

C(llls(, tllr qilu$fidtll]a,!l~tlunrl ion$ prnvi(l(,a (In~Nl
nl)prnximation to the qoufsinll crn$s $rcl,l(llIot l,hv
annulus, Wlwrl this Is (+s0[1,15 th~ $tortinq [lislrl-
butltln in an unconstr,lillodART llqoritltiu,t.h~final
rr,$ult.,I’i!],oh, roprodu[:o~ ttw orlq{nal distril]!j-
tiotlvery WP1l. 51ncP [.hls$tfirtin(jdistribution
,0 [ In f,ely nmtctws tlw ~)rr)jrct I(N1 (Iota, t,lw posi -

tivity constraint I)a\Iittio ofl’l$ctnn tho rofiult.l
tiquro f ~hnws that,,PVIII1 WIWIII tn annulus with
qnust ian rtuss SCCI Ion and cnnstatlt ampl itudtl is
u’;cd for tlw st3rtlrl(l(il$trlhllt{nr),t.lmuncun -
c.t,r,l{ncd ARl rcconstrl,ctlnrl yields on orc:!ptablo
ro~lllt, this indlcntI*s Ihat r(~cnn%tru(tinn m(!thodt
ha~pd On OTI<PMI)IOstot{$tirt, tnny wnrk WPI1 $inco
ttl(,lr Initial P$timato i5 (,hljPns(!mt)l(?mPfln, Wtlich
Could br’ II flilt onnullls for lhfllilmn ?01 distrib(l-
tiorl. iN tho honrt woli~,

II)rfolt+qnlnqrt~~ult$ ,I;r,(Ill,lllt.itnt,lvf)lyfInn -

111!11{/0{1 ill I 1(/. ,1, TIw1max!mum Tfnn$tl’ill:! 101,

V41illo hf~twovli rodl I of (),5 otui I $ t imo~ Ihr MO,lII
,lt)nllil,$1,,11111171$ Ill(Itll~dv(lrfu$ I)olfir,anqlI. II
it ol)(i(,rv!~d(I(It tho lAIR r!I;IIltthat ,,tarlk wI III
th(, fllt!,,ldl!~tril)ul ion, IIll,h,l c[wwr r(wl,]rk,ll)ly
( 10,,($1[1 1111$(lrlqlllllllil\trlllllfi(lll, lhl~; 1% (1)11
tr,l~tod hy tlw ronvvl,t IONJ1 ARl ro[r)rl’;tr(l[.liorI111,11
‘,lart~ wllh thr’ lavrrtlql’v.llut whl(h (h)v~$vPty 1)1)111
iy, A(l,iirl,IhrI \I.,o01 ,1I)rll]lil,rlowltI(l(IfII(1l,$tl-
I1141P(Ill,fllil S1!,l((>((lllllii)lll1o11 l,,VIIIy lll~llljt1(IiIi,

Discussion

It has been shown that artifacts arising in
the limited anqle CT problem can be reduced by
properly estimating the null space contributions of
ti,p unknown function. This can only be accom-
plished through the use of a riori knuwledge con-
cerning the source function%-e FAIR techniqde
presentpd her?, the initial estimate of the func-
tion is obtained by fitting the paramc;ers in a
functional model of the object to the available
projection measurements. The null spa~e contribu-
tion of this estimate survives the subsequent iter-
ative reconstruction procedure to reduce the arti-
facts in the result, As with most im~ge processing
schemes, this new technique must be tried in each
new imnging problem to assess its worth since expe-
rience is not easily tr~nsferred. Me have at-
trmpted to provide the reader with some understand-
ing of the behavior of the FAIR tec~nique by means
of several examples,
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Ii(l, 1 - The decom[)osit.ion of an ob.iect consisting of r] annulus with two hole: a) Into its moasurment
sl)ace b) ~ir(lnull soace c)-coflt)-ibutlons-corres~ondj nq to 11 mefisur~d projections c(~vf>rino90”.
Ti)js illustrates tl)~t for’s

mcasureci ana a part that is
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given measurement scheme,’’any function is the”sum d pdrt that is
not,

II b (

I ill, 2 . l{!~{[]rl$tril(tl,)rl!of” Iiq, la from 1‘ vi{Iws [.clvcr<in!~90’” usir]g II) urlcorlst.rainedART (averauc startim
V!IIINJ),I)) Al{l with p(lt;itivity,
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a b

Fig. 3 - The Fit And Iterative Reconstruction (FAIR) results for Fig. la
?) the 18-gaussian fit to the measurements used for the initial
recon~truction, b) without positivity, and c) with positivity.

a b

c

from 11 views ccveriny 50[’ showing
guess in the subsequent ART

c

t_ig, 4 - Reconstruction of riq. la from 11 views covertnq 90’1 usinq ART a) witt, Uositivitv and the recofl-
struction region limlted to a circle th~t is sliqhtly larger than tl,t?ar]rlulus, ileconstru(.tion
from same p~[]jections with a unifor!],annulus used for t}lc starting dist}’ibution, b) of D1’uper
$lze, and c) of too small radius,

i)

VI OW., ~uverirlq 9:):’ usin!j b) utl[,[]rlstt’,lttll!{l ART ((lvrt’il(j(~stdrt.irlq v,ll~l~,),)nd [) ART wit,h IM)<;Itlvlt.,y
C()!lstrlllnt,



a

7

b

Fig. 6 - FAIR reconstruction of Fig. 5a from 11 views covering 90° showing the a) 18 gauss.ian fit and
final ART reconstrllction b) without positivity constraint. The use of a positivity constraint
makes little difference.

Iiqc 7 - Reconstruction of I_iq, 5a trom 11 views covering 90’ usin~ an initial quess of an annulus with
gdussian cross sectiin dnd constant amplitude ii ART algo~ithnl.
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Fly, [1 - Angular depf!ndel)ce ot’maxim)] reconstruc-
tion value between rodii of 0.5 to 1,5
times nwan anrtulus radius for positivity
constrained ART reconstructions etllploying
various starting distributions, The fitted
>tarting distribution usual in FAIR (rig,
(ib) C1OSP1.Y matches the original object
while st,lrtinq with the constant amplitude
an,lulus (l-i!].7) does renlarkably well.
The conventional initial guess of a con-
stant distribution with correct value (r~g.
cc)recul ts in poor agleenwnt.
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